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q I We show how to carry out the gauging of the Poisson sigma model in an 



AKSZ inspired formulation by coupling it to a generalization of the Weil model 
worked out in ref. [31]. We call the resulting gauged field theory, Poisson- Weil 
sigma model. We study the BV cohomology of the model and show its relation 
to Hamiltonian basic and equivariant Poisson cohomology. As an application, 
we carry out the gauge fixing of the pure Weil model and of the Poisson-Weil 
model. In the first case, we obtain the 2-dimensional version of Donaldson- 
Witten topological gauge theory, describing the moduli space of flat connections 
on a closed surface. In the second case, we recover the gauged A topological 
sigma model worked out by Baptista describing the moduli space of solutions of 
the so-called vortex equations. 

Keywords: quantum field theory in curved spacetime; geometry, differential ge- 
ometry and topology. PACS: 04.62. +v 02.40.-k 
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1 Introduction 



One efficient way of generating a sigma model on a non trivial manifold X is 
the gauging of a sigma model on a simpler manifolds M carrying the action of a 
Lie group G such that X ~ Mj G. The target space of the gauged model turns 
out to be precisely X. In many interesting symplectic structure on M 

and a moment map for the G-action can be defined and this construction is a 
particular case of a general procedure called Hamiltonian reduction [1]. 

The usefulness of gauging sigma models was first recognized by Witten in [2], 
where the gauged linear sigma-model with target X = C n and group G = U(l) 
was used to study non-gauged sigma-models into weighted projective spaces and 
Calabi-Yau hypersurfaces thereof. Later, in [3], applying the same procedure, 
Witten employed a gauged linear sigma-model with target X = C kn and group 
G = U(k) in a study of the quantum cohomology of Grassmannians. 

The study of gauged sigma models, however, was initiated long before Witten's 
work. Developing on the results of Gates, Hull and Rocek in [4], the gauging of 
(2,2) supersymmetric sigma models on biHermitian manifolds was studied origi- 
nally by Hull, Papadopoulos and Spence in [5]. Their analysis was however limited 
to the subclass of almost product structure target spaces because of the lack of an 
off-shell (2,2) supersymmetric action in the general case at that time. After the 
realization that biHermitian geometry is naturally framed in generalized complex 
and Kaehler geometry by Hitchin and Gualtieri [6,7], (2,2) supersymmetric sigma 
models have been fruitfully formulated in this new powerful geometric language. 
In this way, the off-shell (2,2) supersymmetric sigma model action on general bi- 
Hermitian manifolds was recently obtained in ref . [8] . This has led the authors of 
ref. [9] to extend the analysis of [5] to general biHermitian target spaces. In [10], 
the same analysis has been carried out in the on-shell formalism. 

(2,2) supersymmetric sigma models are rather complicated quantum field the- 
ories and, so, they are difficult to study. In 1988, Witten showed that a (2,2) 
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supersymmetric sigma model on a Calabi-Yau manifold (a particular case of bi- 
Hermitian manifold) could be twisted in two different ways, to give the so called 
A and B topological sigma models [11, 12]. Unlike the original untwisted sigma 
model, the topological models are soluble: the calculation of observables can be 
reduced to classical problems of geometry. Topological sigma models on general 
biHermitian manifolds have been worked out in recent years to a various degree of 
depth in [13-17]. However, only a small number of papers has been devoted to the 
study of gauged topological sigma models [18-20] and these are concerned with 
the Calabi-Yau case only. The problem arises of constructing gauged topological 
sigma models with more general biHermitian target space geometries. 

In the last few years, many attempts have been made to construct topological 
sigma models with generalized complex and Kaehler target manifolds [21-26]. In 
[23-25], the sigma models were worked out by employing the Batalin-Vilkovisky 
(BV) quantization algorithm [27, 28] in the Alexandrov-Kontsevich-Schwartz- 
Zaboronsky (AKSZ) formulation [29]. To date, this seems to be the most promis- 
ing approach to the solution of the problem, though, as shown in [30], the imple- 
mentation of gauge fixing remains a major technical obstacle even in the simplest 
cases. 

In ref. [31], we showed how Hamiltonian symmetry reduction could be in- 
corporated in the sigma model on generalized complex manifolds worked out 
in refs. [23,24] (the so-called Hitchin model). This was achieved by coupling 
the sigma model to a kind of ghostly Poisson sigma model called Weil model. 
To illustrate our procedure, we applied it also to the standard Poisson sigma 
model [32,33] in the AKSZ formulation of refs. [34,35]. 

As it turns out, coupling to the Weil model amounts to a gauging procedure. 
In [31], the background principal bundle was taken to be trivial. In this paper 
we show that this restriction is not in any way essential. With appropriate mod- 
ifications, the Weil sigma model can be formulated and the coupling of the Weil 
model to the relevant sigma model can be implemented for a general principal 
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bundle. We restrict ourselves to the Poisson sigma model for its simplicity and its 
independent interest. Our construction results in a gauged Poisson sigma model, 
which we call Poisson-Weil sigma model. 

It is instructive to write down the classical action of the Poisson-Weil sigma 
model to see its relation to the conventional formulation of standard Poisson 
sigma model. The target space is a Poisson manifold M with Poisson structure 
pab carr yi n g a Hamiltonian action of a Lie group G with fundamental vector field 
Ui and moment map /ij and leaving P ab invariant. The base space £ supports a 
principal G-bundle Q. The fields are an embedding field x a , a cotangent space 
valued 1-form field r) a , as in the ordinary Poisson model, and a gauge field A\ a 
coadjoint scalar field hi and an adjoint scalar field B +t . The classical action is 



3= f - b t B +l - hF A l - ^(x)B +l + Va D A x a + \P ab (x)^ 



A.l] 



where 



F/ = dA l + lf jk A^A k , (1.2) 



D A x a = dx a - u i a (x)A i (1.3) 

are the gauge curvature of A 1 and the gauge covariant derivative of x a , respec- 
tively. The Poisson-Weil sigma model enjoys a large symmetry which extends 
that of the ordinary Poisson sigma model by the gauge symmetry. The symme- 
try closes only on shell, as in the ordinary case. This disease is cured by using a 
suitable BV formulation generalizing that of [34,35]. 

The Weil and Poisson-Weil sigma models have a very rich algebraic and ge- 
ometric structure. The BV cohomology of the Weil model is related to the basic 
cohomology of the Weil algebra W(q) of the Lie algebra g of G (in turn isomorphic 
to the de Rham cohomology of the classifying space BG of the group G). The 
BV cohomology of the Poisson-Weil model is related to the Hamiltonian basic 
and equivariant Poisson cohomology of the Poisson manifold. To some extent, 
this is expected on general grounds and the fact that this is indeed so shows the 
soundness of the models. 



As an application, we work out the gauge fixing of the pure Weil sigma model 
and of the Poisson-Weil sigma model in the BV framework. In the first case, we 
obtain the 2-dimensional version of Donaldson-Witten theory, a topological field 
theory describing the moduli space of flat connections on a closed surface [36,37]. 
In the second case, we recover the gauged topological sigma model worked out 
by Baptista in refs. [18-20], which describes the moduli space of solutions of the 
so-called vortex equations and is a gauged version of Witten's A-model [11, 12]. 

The plan of the paper is as follows. In sect. [2J we present a generalization 
of the Weil sigma model originally worked out in ref. [31], which is valid for a 
general principal G-bundle on the sigma model world sheet and is suitable for the 
constructions of the following sections. In sect. [21 we work out a gauge fixing of 
the Weil model and show that it yields the 2-dimensional version of Donaldson- 
Witten theory. In sect. HJ we formulate a generalization of the Poisson-Weil 
sigma model worked out in ref. [31] and show that it constitutes a gauging of 
the ordinary Poisson model. In sect. we carry out the gauge fixing of the 
Poisson-Weil sigma model and show that it reproduces the gauged topological 
sigma model by Baptista. In sect. [61 we outline briefly potential generalizations 
of the constructions of this paper to the case where G is a Poisson-Lie group. 
Finally, in the appendices, we conveniently collect various relations and identities 
which may help the reader willing to check the details of our analysis. 

Acknowledgments. We thank F. Bonechi, T. Strobl, H. Bursztyn for helpful 
discussions. We thank also, J. -P. Ortega, R. L. Fernandes, V. Ginzburg and E. 
Meinrenken for correspondence. 
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2 The Weil sigma model 

In this section, we present a generalization of the Weil sigma model originally 
worked out in ref. [31], which is suitable for our construction. Though the covari- 
ance of the superfields of the version of Weil sigma model studied here is more 
general, its BV formulation is essentially the same as that of [31]. The reader is 
therefore invited to read that paper for more details on the BV formalism used 
and the derivation of the classical master equation and BV variations below. 

We consider a geometrical setting consisting of the following elements. 

1. A closed surface E. 

2. A compact connected Lie group G with Lie algebra q. 

3. A principal G-bundle Q over E. 

With E there is associated the degree shifted tangent bundle T[1]E. Let 
a\ : T[1]E — > E be the associated bundle projection. Then, we can construct the 
pull-back principal bundle a\*Q over T[1]E. Concretely, a>i*Q can be described 
in the language of 1 cocycles as follows. Let {Ua} be an open covering of E 
such that Q\u A — Ua x G. Let {gAs} be the G-valued 1-cocycle representing Q 
with respect to the covering {Ua}- Define gAB = 9ab ° ai- Then, {gAB} is the 
G-valued 1-cocycle representing a±*Q with respect to the covering {o.i~ 1 (?7a)} 
of T[1]E. 

A generalized connection c of a\*Q is defined as follows, c is given locally 
on each open set cli~ 1 {Ua) of T[1]E as a function ca € r(ai _1 (£/4), g[l]) with 
c A = Ad gAB c b ~ 9ABd{g A B~ l ) on ai" 1 ^) n ai~ l (U B ) ^ 0, where d is the 
homo logical vector field of T[1]E corresponding to the de Rham differential d of 
E. (The choice of the sign of the affine term is conventional.) We denote by 
Conn(T[l]E, a±*Q) the affine space of generalized connections of a%*Q. 

The adjoint and coadjoint bundles Ad a±*Q, Ad v ai*Q are defined as Ad a\*Q = 
ai*Q x G anci Ad v ai*Q = a x *Q x G g v . A section s e r(T[l]E, Ad a x *Q) is given 
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locally on each open set (1i~ 1 {Ua) of T[l]£ as a function sa E r(a 1 ~ 1 (f/^), g) 
with sa = AdgAB^B on ai" 1 ^^) fl ai _1 ([/s) 7^ and similarly for Ad v ai*Q. 
Degree shifting is achieved by replacing g by g[n] above and similarly for g v . 
The field content of the Weil sigma model is the following. 

1. A section b E r(T[l]£, Ad v ai*Q[0]). 

2. A section B E r(T[l]£, Ad v a!*Q[-l]). 

3. A generalized connection c G Conn(T[l]E, ai*Q). 

4. A section C G T(T[1]S, Ad ai*g[2])i 
The BV odd symplectic form is given by 

SbiSt? + SBiScA . (2 
The action of the Weil sigma model is given by 



tow = Q 

'T[1]S 



Sw= [ glbiidc* - \f jk dc k + C l ) - B^dC' - f jk dC k )] . (2.2) 
Jt[i]e l j 

Sw satisfies the classical BV master equation 

(Sw, Sw)w = 0, (2.3) 

where (•, -)w are the BV antibrackets associated with the BV form Qw [31]. 
The BV variations of the Weil sigma model fields are 

dwb, = db % + f k jiC ?b k + f k Jt &B k , (2.4a) 

5 w c l = dc l - \f l jk c j c k + C\ (2.4b) 

SwBi = dB t + f k jiC ?B k - b u (2.4c) 

5 w C l = dC l - f i jk c i C k , (2.4d) 

where Sw = (Sw, -)w [31]. 

1 In [31] 1? C were denoted by B, T, respectively. 



From (12.31) . it follows that the Weil sigma model action is BV invariant 



S W S W = 0. (2.5) 

Again from (I2.3p . it follows that the Weil sigma model BV variation operator 8 W 
is nilpotent 

5 W 2 = 0, (2.6) 

as can be directly verified from ( 12.41) . 
Relation to the Weil algebra complex. 

The Weil sigma model owes its name to its relation to the Weil algebra complex 
of q, as we shall review next (see for instance [38,39] for background material). 
To any Lie algebra q, there is canonically associated the Weil algebra W(g) = 
A*g v [l]®V*0 v [2], the tensor product of the antisymmetric and symmetric algebras 
of g v in degree 1 and 2, respectively. The natural 0-valued generators u, Q of 
W(g) carry degrees 1, 2, respectively. The Weil operator dw is the degree +1 
derivation on W(q) defined by 

d w ^ = W - ^f 3k ^uj k , (2.7a) 
d w Q l = -f jk Jn k . (2.7b) 

It is simple to check that dw is nilpotent 

d w 2 = 0. (2.8) 

Therefore, (W(o),dw) is a differential complex. Its cohomology H*(W(q), dw) 
is actually trivial. However, it is possible to define also a g basic cohomology 
-^basic(^(0)' dw), which turns out to be non trivial, as follows. One defines 
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degree —1 graded derivations z'j and degree graded derivations U on W(g) by 



iiU 3 = cy\ 



(2.9a) 



iiW = 0, 



(2.9b) 



= -f 3 ikW 



k 



(2.9c) 



fiktf. 



(2.9d) 



The derivations ij, Zj and rfiv have the same formal properties as the contraction 
i v , Lie derivative l v , with ^ a vector field, and de Rham differential dx on the 
graded algebra differential forms Q*(X) on a manifold X. The basic subalgebra 
W(g) basic of consists of those elements to e W(fl) such that 



(W / (s)basic, ^wO is a subcomplex of the differential complex (W(g), d-w). Its coho- 
mology H* (W (g)^^, ^w) is by definition the basic cohomology H^^iW (g) , c?vy)- 
It can be shown that H^(fl)basic = Bq = V*0 V [2] G is the G-invariant subalgebra 
of the symmetric algebra V*jj v [2] C W(g) of g v in degree 2. Actually, one has 
-^basic(^(0)' d w ) ~ Bq, since the restriction of d w to Bq vanishes 0. 

As shown in ref. [31], when Q is trivial, the superfields c, C describe the 
embedding of T[1]S into the Weil algebra W(g) of the Lie algebra g. For any 
point z G T[1]E, the evaluation map e z : r(T[l]£, W(g)) W(g) is a chain 
map of the chain complexes (r(T[l]£, W(q)), S'w), (W(g), d w ), where 5'w is the 
nilpotent mod d reduction of 5w obtained by setting dc 1 = 0, dC l = in (12.4bj) . 
(j2gdj) . When Q is not trivial, c, C become sections of a vector bundle of Weil 
algebras. The above geometrical picture still holds but only locally on T[1]S. 
This justifies the name given to the sigma model described here. 

2 As is well known, the importance of the Weil algebra basic cohomology stems from its 
being isomorphic to the cohomology of the classifying space BG of G. 



iiW = 



(2.10a) 



IiW = 0. 



(2.10b) 
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We shall not attempt an exhaustive study of the BV cohomology of the Weil 
sigma model. We shall only stress that it contains a sector isomorphic to the 
Weil algebra basic cohomology H^^W (g) , dw) ■ If one wished to construct a 
superfield out of a generic element w G W(g), one would try with something like 

w = E ■ ■ • <' : >c r ■ ■ ■ c 3q - (2-n) 

w, however, is only locally defined, since the superfields c l , C l are. To make w 
globally defined, two requirements must be fulfilled. First, the right hand side of 
(12.111) must contain no occurrences of c 1 , since this is a generalized connection 
and, so, it is defined locally up to a local gauge transformation. Second the Weil 
algebra element w must be G-invariant. These requirements amount to requiring 
w G Bg. So, we are led to consider superfields 

«' Y.y r ^C n ---C-. (2.12) 

q 

with w G Bg. By a simple calculation, one finds 

5ww = dw. (2-13) 

Hence, w is a cocycle of the mod d BV cohomology. Since H^^iW \q) , dw) — Bg, 
the mapping w i— » w defines an isomorphism of H^^iW (g) , dw) and a certain 
sector of the mod d BV cohomology. 

In field theory, one is interested in the BV cohomology rather than the mod 
d BV cohomology, since the BV cocycles are the observables of the field theory. 
For any supercycle C of T[1]E 

w(C) = jw (2.14) 
is a cocycle of the BV cohomology 

5 w w{C) = 0. (2.15) 
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For a fixed homology class [C] of T[1]E, the mapping w i-» w(C) defines a gener- 
ally non injective homomorphism of H^ ic (W(g,), dw) into a certain sector of the 
BV cohomology. 

The Weil sigma model in components. 

One can expand the Weil sigma model fields in homogeneous components 

bi(z) = bi(z) + $ a A + ai (z) + U a ^c+ aPi (z) : (2.16a) 



c\z) = c^z) - $ a Aj(z) - l^^b+^iz), (2.16b) 
Bi(z) = Bi(z) + # a ^ + ai(z) + l# a # p C + af3i (z), (2.16c) 
C\z) = C\z) - d a i)J{z) - \^ a ^B + aP l {z), (2.16d) 

where z ~ {z,i9), z a , -d a being base and fiber coordinates of T[1]S. The ghost 
number of the various component fields is given by the degree of the superfield 
they appear in minus the number of d a they are multiplied by, as deg$ a = 1. All 
component fields belong to either Q*(E, Ad Q[n]) or Q*(E, Ad v Q[n]) for some n 
except for A which is an ordinary connection of Q. The choice of the signs of the 
component fields is conventional. 

The action and the BV variations of the Weil sigma model (cf. eqs. (I2.2p . 
(12.41) ) can be written down explicitly in terms of the components fields. The 
resulting expression are lengthy and are collected in appendix |X] for convenience. 

It is interesting to study the classical version of the Weil model and compare 
it with known models. The classical Weil sigma model is obtained by truncating 
the field content of the full Weil sigma model to the ghost number sector. The 
classical action of the model is found to be 



Swc= [ \-k(F A l + B +l )\. (2.17) 



This is essentially a BF like field theory. The symmetry variations of classical 
Weil sigma model are obtained from the BV variations of the full Weil sigma 
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model by retaining only the ghost fields of ghost number 1, 

5 Wc A l = i; 1 - D A c\ (2.18a) 

SwA = f-j.r'k- (2.18b) 

S Wc B +i = Da^ - f jk c 3 B +k (2. 18c) 

<W = (2.18d) 

W = -fikd^- (2.18e) 

It is simple to verify that SVc is invariant under the above field variations 

S Wc Swc = 0. (2.19) 
The classical field variation operator 5wc is nilpotent 

6 Wc 2 = 0. (2.20) 
We stress that this relation holds off-shell. 
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3 The gauge fixing of the Weil model 

To yield a field theory suitable for quantization, the Weil sigma model has 
to be gauge fixed. To this end, we introduce two trivial pairs of fields and their 
antifields. 

1. c G fi°(£,Ad v Q[-l]), 7 G n°(E, Ad v Q[0]) and their antifields 
c+ e fi 2 (S, AdQ[0]), 7 + e fi 2 (S, AdQ[-l]). 

2. C E fi°(E, Ad v Q[-2]), r G fi°(E, Ad v Q[-l]) and their antifields 

c+ g ^ 2 (s,AdQ[i]), r+ g fi 2 (s,Adg[o]). 

The Weil sigma model auxiliary BV odd symplectic form is 



n 



VFaux 



J 5c +i 5c i + 5-i +i 5-i i + 5C +i 5C i + 5T +i 5T i . (3.1 



The Weil sigma model auxiliary BV action is 



Waux 



The BV variations of the auxiliary fields are 



One has as usual 



(3.2) 



^WauxCj 7i; 


(3.3a) 


0Waux7i — 0) 


(3.3b) 


5iy aU x7 +i = -c + \ 


(3.3c) 


^WauxC +l = 0, 


(3.3d) 


<WauxCi = — Tj, 


(3.3e) 


(Waiix^ = o, 


(3.3f) 


<Vauxr +i = — C + \ 


(3.3g) 




(3.3h) 


(WauxSVaux = 0. 


(3.4) 
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<Vaux is nilpotent, 

<Waux 2 = 0. (3.5) 

The gauge fixing is implemented by adding the auxiliary fields to the field 
content of the Weil sigma model and by adding the auxiliary field action SVaux 
to the Weil sigma model action Sw' 

Swext = Sw + SWaux- (3.6) 

The gauge fixed action I w is obtained by restricting SVext to a suitable La- 
grangian submanifold £w in field space 

Iw — ^VKoxt| £w - (3.7) 

Iw is invariant under a BRST symmetry sw, which is the residual BV symmetry 
left intact by the gauge fixing. 

The Lagrangian submanifold £w is defined in terms of a ghost number — 1 
gauge fermion ^w in the form <p + = 5'^w/^ ( t ) i where <p is any field. The gauge 
fermion we choose has the following form: 

*w= f -WbiB^l + QDA*^ + c i D Ao *(A i - Aj)], (3.8) 

where h is an Ad invariant metric on g. Above, * denotes the Hodge operator 
associated with a metric of E. Aq is a background connection of Q. The insertion 
of Ao is required by the global definedness on E of the integrand in the right hand 
side of (13. 8p . Then, £,w turns out to be explicitly defined by the constraints 

b +i = -h ij Bj * 1, (3.9a) 
B +i = _ h ij b . * 1; ( 3>9b ) 

c + i = 0, (3.9c) 
C + i = 0, (3.9d) 
A+ i = *D Ao c i + f k ji *^C h , (3.9e) 
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= -*D A Q, 
C +l = D A * ^, 
T +i = 0, 

c H = D Ao *(A i -A % 
7 +i = 0. 



(3.9f) 
(3.9g) 
(3.9h) 
(3.9i) 
(3.9j) 



Substituting (13.91) into ( 1A.2I) in accordance with (13.71) . one then finds that the 
;auge fixed action Iw is 



li D Ao * {A 1 - Aj) + CiD Ao * f - D Ao di * D A d + Wbib, * 1 (3.10) 
- b { F A l + BiDA^ - D A Ci * D A C l - (l\ + f j ki C jC k )D A * ^ 

+ fjiCc 1 * tp k + /'Vi, /;/''•• * 1 



The BRST variations of the fields are obtained from (1A.5|) . (13. 3p upon restric- 
tion to £w They read 



s w A i = v* - B> A e 



-D A C l - / V> 



swh = fjic'bk + f k jiC j B k 



s w Bi 



\ + fjid'Bk, 



Sw e = c i - i/V'c*, 

s w c i = y, 

swl 1 = 0, 

%r = -r\ 
s w r* = o. 



One can verify directly that 



S\ylw — 0. 
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(3.11a) 
(3.11b) 
(3.11c) 
(3. lid) 
(3.11e) 
(3.11f) 
(3.11g) 

(3. nh) 

(3.11i) 
(3-llj) 

(3.12) 



Further, one has 



s w 2 = 0. 



(3.13) 



In general, the BRST variation operator is nilpotent only on-shell. In this case 
however, it does square to off-shell. 
Using (13.111) . it can be verified that 



This relation shows the topological nature of the theory. All dependence on 
the metric of S and the background connection Aq is buried inside the gauge 
fermion The topological quantum field correlators therefore are going to be 
independent from these data. 

The topological field theory, which we are dealing with, is in fact the 2- 
dimensional version of Donaldson- Witten theory [36,37], which describes the 
moduli space of flat connection of a trivial principal G-bundle Q. This is eas- 
ily seen from the BRST variations (13. 1 1 [) obtained above. It is known that a 
topological field theory localizes on the BRST invariant purely bosonic on-shell 
configurations. Setting all the fermionic fields to zero in the BRST variations 
and imposing that the resulting expressions vanish leads to the equation 6j = 0, 
which, on shell, is equivalent to 



We remark that the above procedure yields at once the full topological field 
theory action and the Faddeev-Popov gauge fixing action. The latter consists 
of those terms in the right hand side of (I3.10p . which depend explicitly on the 
background connection A . 



Iw — Swtop + Sw^Wj 



(3.14) 



where the topological action Sw top is given by 




(3.15) 



0. 



(3.16) 
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4 The Poisson— Weil sigma model 

The Poisson-Weil sigma model stems from coupling the Weil sigma model 
described in sect. [2] and the Poisson sigma model [32,33]. This procedure is in 
fact a way of gauging the latter and generalizes our original construction in [31]. 
As for the Weil sigma model, the covariance of the superfields of the version of the 
Poisson-Weil sigma model illustrated below is more general than that originally 
envisaged in [31], but its BV formulation is essentially the same. The reader is 
therefore invited again to read that paper for more details on the BV formalism 
used and the derivation of the classical master equation and BV variations below. 

We consider a geometrical setting consisting of the following elements. 

1. A closed surface S. 

2. A compact connected Lie group G with Lie algebra q. 

3. A principal G-bundle Q over S. 

4. A manifold M carrying a smooth effective left G-action with fundamental 
vector field u £ G°°(M, TM ® g v ) . 

5. A G-invariant 2- vector P £ G°°(M, A 2 TM) and a G-equivariant g v -valued 
scalar // £ G°°(M,0 v ). 

The geometry associated with these data is rich and intricate. Some of its 
features have already emerged in the work [18-20]. Here we shall limit ourselves 
to indicate the aspects of it which are most directly relevant in our analysis. 

The first three geometrical data are the ones entering in the definition of the 
Weil sigma model as illustrated in sect. [2j The fourth geometrical datum allows 
one to define the bundle E M = Q x G M with base S. E M can be described 
as follows. Let {Ua} be a sufficiently fine open covering of S. Then, locally, 
one has Em\u a — Ua * M. Em is obtained by identifying (z,rriA) £ Pa x M 
and (z, 771b) £ Ub x M with z £ Ua H Ub ^ and rriA = 5 , ab(^)(tt7b), where 
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{9ab} is the G-valued 1-cocycle representing Q with respect to {Ua} and g{m) 
denotes the action of the group element g G G on the point m G M. When Q is 
trivial, one has Em ~Ex M. Sections x G T(Y1,Em) generalize the customary 
embeddings x : E — > M, which they reduce to when Q is trivial. 

The bundle projection ai : T[1]E — > E introduced in sect, fallows one to pull- 
back Em to T[1]E yielding the bundle cli*Em with base space T[1]E. In terms of 
a fine open covering {Ua} of E, one has ai*EM\ ai -^(u A ) — a i _1 (^A) x M. o>i*Em 
is obtained by identifying (z, ttia) G ^^(Ua) x M and (z,m B ) G ai^ 1 (L r fi) x M 
with ai(z) G Ua U £/# 7^ and = gAB(z)(jn>B), where {<7ab} is the G- 
valued 1-cocycle representing a±*Q with respect to {ai~ 1 (6 r A)} defined in sect. EJ 
When Q is trivial, one has a x *E M ~ T[1]E x M. Sections a; G r(T[l]E, a x *E M ) 
generalize the customary superembeddings x : T[1]E — > M, which they reduce to 
when Q is trivial. 

Associated with Em are the vector bundle VertTEM and its dual Vert*TEM 
with base space E M , where VertTE M = ker ^e m *i n E M '■ E M — > E being the 
bundle projection and tte m * '■ TEm — > TE its tangent map. Given a fine enough 
open covering {Ua} of E, the transition functions of the bundle VertTEM with 
respect to the open covering {^e m ~ 1 {Ua)} are of the form tAs(e) = <7ab(-z)*(?™.b) 
for 7TE M (e) G £^4 H /7b, where e ~ (z,m B ) in the trivialization ^mIc/b — x M 
and g*(m) : T m M — > T g i m )M is the tangent map at m G M of the action 
g : M M oi g £i G . Given x G F(E,£'m), one can define the pull-back bun- 
dles x*VertTEM and x*Vert*TEM, which are vector bundles with base space E. 
The transition functions of the bundle x*VertT£' M are £ab(<z) = 9ab(z)*(%b( z )) 1 
where x(z) ~ (z,Xb(z)) in the trivialization Em\u b — Ub x M. 

This construction can be extended by replacing Em by o,i*Em and E by T[1]E 
throughout above. In this way, one builds the vector bundles Vert Tax* Em and 
its dual Vert*Ta\*EM with base cli*Em- The transition function of VertTa\*EM 
are of the form t A B(e) = 9AB(z)*(m B ) for 7r ai »# M (e) G ^^(Ua) H ai -1 (f/ B ), 
where e ~ (z,m B ) in the trivialization a\*EM\ ai - 1 (u B ) — (1 i~ 1 {Ub) x Af- Given 
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x G r(T[l]E, ai*EjVf), one can build the pull-back bundles a?*Vert Tcii*Em and 
x*Vert*Tai*EM, which are vector bundles with base space T[1]S. The transition 
functions of the bundle x*VertTai*EM are £ab(z) = Qab^^xb^z)), where 
x{z) ~ (z, Xb(z)) in the trivialization ai*E M \ ai -iQj B ) ~ ai~ 1 (L r B) x M. 
The fundamental vector field u satisfies the basic equivariance relation [] 



K Uj ] a = Ui b d bUj a - u/d bUl a = f\ jUk a . (4.1) 

The G-invariance of the 2-vector P and the G-equivariance of the scalar fi are 
crucial in our construction. Infinitesimally, they are equivalent to the relations 

l u .p°*> = Ui c d c P ab - d cUi a P cb - d cUi b P ac = 0. (4.2a) 
l Ui Hj = ufdbfij = f k ijfi k , (4.2b) 

The field content of the Poisson-Weil sigma model consists the following su- 
perfields. 

1. The superfields of the Weil sigma model. 

2. A section x e r(T[l]E, ai*E M ). 

3. A section y e T(T[1]H, aj*Vert*Tai*E M [l]). 

The BV odd symplectic form is given by 

VL PW = n w + / g5x a 5y aj (4.3) 
Jt[i}t, 

where flw is the BV odd symplectic form of the Weil sigma model given in (12. ip . 
The action of the Poisson-Weil sigma model is 

Spw = S W + f g\y a {dx a + Ui a {x)J) + ^{x)C l + \P a \x)y a y h ] , (4.4) 

JT[1\T. l j 



3 This relation fixes also the overall sign convention for u used in the paper. According to 
this, g a (m) = m a — £ l Ui a (m) + 0(£ 2 ) for g = exp(£) G G with £ € g. See appendix [Cl 
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where Sw is the action of the Weil sigma model given in (12.21) . The G-invariance 
of P and the G-equivariance of \i ensure the global definedness of the integrand 
in the right hand side of (I4.4p . 

It can be verified by explicit computation that Spw satisfies the classical 
master equation 

(Spw, Spw)pw = 0, (4.5) 

where (•, -)pw are the BV antibrackets associated with the BV form flpw, pro- 
vided u, /i, P satisfy the conditions 

pad^pbc + pbd^pca + pcd^pab = ^ ^ 

Ui a + P ab d b ^ = 0, (4.6b) 
[31]. (I4.6ap f!4.6bl) imply respectively the following properties. 

1. P is a Poisson 2-vector and M is thus a Poisson manifold. 

2. fi is a moment map for the G-action, which is therefore Hamiltonian. 



The BV variations of the Poisson- Weil sigma model fields are 

5 PW bi = 5 w bi - Ui a (x)y a , (4.7a) 

Spwd = 5 w c\ (4.7b) 

5 PW Bi = 5 w Bi - Hi{x), (4.7c) 

bpwC' = S W C\ (4.7d) 

5 PW x a = dx a + Ui a {x)d + P ab (x)y b , (4.7e) 

5 PW y a = dy a + d a u i \x)y b c i + d a fn(x)C l + \d a P bc {x)y b y c , (4.7f) 



where 5pw = (Spw, -)pw and the Weil sigma model 5w variations are given by 
(ED [31]. 

From (14.51) . it follows that the Poisson- Weil sigma model action is BV invari- 
ant 

SpwSpw = 0. (4.8) 
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Again from (14.51) . it follows that the Poisson- Weil sigma model BV variation 
operator Spw is nilpotent 

5 PW 2 = 0. (4.9) 

Relation to the Hamiltonian basic Poisson-Lichnerowicz cohomology. 

When conditions (14.61) . (14.21) are satisfied, if a G V with coadjoint orbit O a 
and n~ l (O a ) is a submanifold of M on which G acts freely and properly, then 
the quotient M a = /i _1 ((9 a )/G inherits a Poisson structure P a , by a classic result 
of Marsden and Ratiu [40]. One considers mainly M = /i _1 ({0})/G = M//G. 

From the above discussion, it appears that the Poisson- Weil sigma model on 
a Poisson manifold M carrying a Hamiltonian action of a group G encodes the 
Hamiltonian reduction of M by G. Upon suitably restricting the image of x to 
/i~ 1 ((9 a ), one expects to obtain some kind of sigma model on M a . When the 
principal bundle Q is trivial, this should be an ordinary Poisson sigma model 
on M a . The embedding fields of the model are then just maps x : X — > M a . 
Conversely, when Q is non trivial, one should obtain a generalized Poisson sigma 
model on M a . The embedding fields of the model are then sections x G r(E, Em) 
such that, in any trivialization Em\u a — Ua x M, xa(z) G /i~ 1 (C a ) for z G 
U a- (Note that this property is independent from the chosen trivialization). 
Intuitively, they are some kind of "Q-twisted" maps x : S — * M a . These facts 
should be reflected in the BV cohomology of the Poisson-Weil sigma model, 
which we explore next. As we shall see, this investigation will bring us close to 
the boundary of known mathematics. 

Recall that a Poisson manifold M with Poisson 2-vector field P is charac- 
terized by the algebra of multivector fields C°°(M, ATM) and by the Poisson- 
Lichnerowicz differential ctpl = [P,-], where [•, •] are the Schouten brackets on 
C°°(M, A*TM) (see for instance [41] for background material). Since o"pl is nilpo- 
tent, (C°°(M, A'TM), o"pl) is a differential complex, the Poisson-Lichnerowicz 
complex. The associated cohomology is the Poisson-Lichnerowicz cohomology 
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Hp L (M). Each cohomology class is represented by a Poisson-Lichnerowicz cocy- 
cle, that is a multivector field a G C°°(M, A'TM) satisfying 

a PL a = 0. (4.10) 

This cocycle is defined up to a Poisson-Lichnerowicz coboundary, i. e. a multi- 
vector field belonging to the image of <jpl. 

A simple analysis shows that ifp L (M) is the algebra of Casimir functions of 
M and Hp L (M) is the quotient of the space of Poisson vector fields of M over 
the space of Hamiltonian vector fields, etc. Further, the Poisson 2-vector field 
P, viewed as an element of C°°(M, Hom(T*M, TM)), induces a homomorphism 
P* of the ordinary de Rham cohomology H^ R (M) into Hp L (M), which is an 
isomorphism in the symplectic case. 

Suppose that M carries a Hamiltonian smooth effective left G-action with 
fundamental vector field u G C°°(M,TM ® g v ) and G-equivariant moment 
map /i G C°°(M, q v ) and leaving P invariant. We call a multivector field a G 
C°°(M, A*TM) Hamiltonian basic, if a satisfies the conditions 

id^oi = 0, (4.11a) 
l Ui a = 0, (4.11b) 

where denotes contraction with the 1-form u G C°°(M, T*M) and l v is the Lie 
derivative along the vector field v G C°°(M,TM), i. e. if a is G-invariant and 
tangent to the \x fibers. The terminology is justified by the analogy to the notion of 
basic forms of a manifold with a group action. We denote by C°°(M, A*TM)t, asic 
the subalgebra of C°°(M, A*TM) spanned by the Hamiltonian basic multivector 
fields. Using the relations 

^cpl + vphidiH = Li, (4.12a) 
crpdui ~ l Ui (TpL = 0, (4.12b) 

lui^dm ~ lu^d^i = f ijidfj, k i (4.12c) 
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one shows that (C°°(M, A*TM) basic , a PL ) is a subcomplex of (C°°(M, A*TM), 
o"pl), the Hamiltonian basic PL complex. The associated cohomology is the 
Hamiltonian basic Poisson-Lichnerowicz cohomology ifp Lbasic (M). Each coho- 
mology class is represented by a Hamiltonian basic Poisson-Lichnerowicz cocy- 
cle, i. e. a multivector field a £ C°°(M, A*TM) satisfying the conditions O4.10p . 
(14.111) . This cocycle is defined up to a Hamiltonian basic Poisson-Lichnerowicz 
coboundary, i. e. a multivector field belonging to the image of opL restricted to 
C°°(M, A*TM) basic . 

Repeating the analysis done for ordinary Poisson cohomology, one can show 
that Hp Lhasic (M) i s the algebra of ordinary Casimir functions of M and H PLhasic (M) 
is the quotient of the space of G-invariant Poisson vector fields of M tangent to 
the n fibers over the space of Hamiltonian vector fields with G-invariant Hamil- 
tonians, etc. Further, P induces a homomorphism P* of the ordinary basic de 
Rham cohomology H^ Rhasic (M) into if PLbasic (M), which is an isomorphism in the 
symplectic case. 

The Hamiltonian basic Poisson-Lichnerowicz cohomology ifp Lbasic (M) was 
introduced and studied in a more general context by Ginzburg in [42]. It is 
natural to expect -PpLbasic(^) to be related to the Poisson-Lichnerowicz co- 
homology of the reduced Poisson manifolds M a defined above. However, to 
the best of our knowledge, so far this relation has not been elucidated in the 
mathematical literature except for symplectic manifolds in [43] by Kirwan, who 
showed the existence of a natural surjective generally non injective homomor- 
phism k : #d Rbasic (M) - #PLbasic( M ) #dii( M o)- Virtually nothing is known 
for more general Poisson manifolds. 

We shall not attempt an exhaustive study of the BV cohomology of the 
Poisson-Weil sigma model. We shall only try to highlight some of its novel 
features and its relation to the Hamiltonian basic Poisson-Lichnerowicz coho- 
mology. If one wished to construct a superfield out of a generic multivector field 
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a G C°°(M, A*TM), one would start by trying with something of the form 

cx = Y,-^- a ^x)y ai ---y ap . (4.13) 
v ' 

This object is however only locally defined since the superfields x a , y a are defined 
only up to a local G-action. To render a globally defined, one has to demand 
the multivector field a to be G-invariant, a G C°°(M, A*TM) G . Infinitesimally, 
this is equivalent to (14.11bj) . 

A straightforward calculation yields 

Sfwoi = da + J2 ^d^) ai - a ^x)C l y ai - y^ (4.14) 

p 

-E^ a PL«r- ap (^ ai ---y ap . 

Hence, one has 

Spwet = da. (4-15) 

provided a G C°°{M,A*TM) G satisfies fICTD . flCTij) . In that case, a is a 
cocycle of the mod d BV cohomology. Furthermore, the mapping a \— > ck defines 
an isomorphism of ifp Lbasic (M) and a distinguished sector of the mod d BV 
cohomology. 

As already remarked earlier, in field theory, one is interested in the BV coho- 
mology rather than the mod d BV cohomology, since BV cocycles are observables. 
For any supercycle C of T[1]E, 

a{C) = ja (4.16) 

is a cocycle of the BV cohomology 

5 PW a(C) = 0. (4.17) 

For a fixed homology class [C] of T[1]S, the mapping a i— > ct(C) defines a generally 
non injective homomorphism of Hp Lhasic (M) into the BV cohomology. 
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We conclude that, for a fixed homology class [C] of T[1]E, oc(C) is an ob- 
servable provided a is a Hamiltonian basic Poisson-Lichnerowicz cocycle. This 
establishes a homomorphism of the Hamiltonian basic Poisson-Lichnerowicz co- 
homo logy Hp Lhasic (M) into the Poisson-Weil BV cohomology. 

In [42] , Ginzburg also defined the equivariant Poisson-Lichnerowicz cohomol- 
ogy Hp LG (M). This can be realized in two different but equivalent models. In 
the Weil model, one relies on the Weil algebra (W(g),dw) complex described 
in sect. H H PLG (M) is the cohomology of the complex ((C°°{M, A*TM) ® 
W (q)) basic, cplw), where basicity is defined in terms of the graded derivations 
iwi = id^ + H, Iwi — lv,i + hi by extending (I2.10p . (14. lip in obvious fashion, and 
vpLW — ®pl + dw In the Cartan model, Hp LG (M) is the cohomology of the 
complex ((C°°(M, ATM) ® V*g v [2]) G , a PLC ), where G-invariance is defined in 
terms of la = l Ui + h and oplc = cpl — Q k idfj, k , with Q l the degree 2 generators 
of V*s v [2] and U defined as in (l2~M]l . 

When G is compact and /x is a submersion onto g v , ifp Lbasic (M) is isomorphic 
to the equivariant Poisson-Lichnerowicz cohomology Hp LG (M) [42]. Using the 
Cartan model for simplicity, a class of Hp Lhasic (M) * s represented by a G-invariant 
multivector field a G (C°°(M, ATM) ® V*g v [2]) G , 

Z Ci O! = 0, (4.18) 

satisfying the cocycle condition 

oplc" = 0. (4.19) 
This suggests a possible generalization of the ansatz (I4.13P of the form 

a = E i^ 1 - --^)^ ■ • • y 0p c- ■ • ■ c\ (4.20) 

where a G (C°°(M, A*TM) <g> V*g v [2]) G . The G-invariance of a is required by 
the proper global definedness of the superfield a. A straightforward calculation 
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leads to 

S PW a = da-J2 -^(vpLca) ai - ap h ... lq (x)y ai ■ --y^C 11 ■ ■ ■ C\ 

Hence, a satisfies (ETT5]) . provided a E C°°(M, A*TM) G satisfies (jHU). In this 
way, proceeding exactly in the same way as above, one can construct observ- 
ables of the field theory. However, this procedure is not going to yield genuinely 
new observables. In fact, the inclusion C°°(M, A*TM) hasic C (C°°(M, A*TM) ® 
V*0 V [2]) G induces the isomorphism -^p L basic(^0 — Hp LG (M) mentioned above. 
This means that any mod d BV cocycle of the form (14.201) is always BV coho- 
mologous to one of the form (I4.13p . 

The Poisson-Weil sigma model in components. 

One can expand the Poisson-Weil sigma model fields in homogeneous compo- 
nents. Relations (12.161) still hold. Further, one has 

x a (z) = x a {z) + $ a r] + a a {z) - ±#*#Va/3 a (4.21a) 
y a (z) = y a (z) + $ a V aa(z) + \$ a $ p x + aPa (z). (4.21b) 

Again, the ghost number of the various component fields is given by the degree 
of the superfield they appear in minus the number of d a they are multiplied 
by. The covariance properties of the component fields are intricate, but they are 
completely determined by those of the superfield which they belong to. Again, 
the choice of the signs is conventional. 

The action and the BV variations of the Poisson-Weil sigma model (cf. eqs. 
( 14.41) . ( 14 .7p ) can be written down explicitly in terms of the components fields. 
The resulting expression are rather messy and are collected in appendix [B] for 
convenience. 

It is interesting to study the classical version of the Poisson-Weil model and 
compare it with that of the ordinary Poisson model. As for the classical Weil 
sigma model, the classical Poisson-Weil sigma model is obtained truncating the 
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field content of the full Poisson-Weil sigma model to the ghost number sector. 
The classical action of the model is then found to be 



Spwc — Swc + 



- fn(x)B +i + Va D A x a + i? a6 (x) W , (4.22) 



where the classical Weil sigma model action Swc is given in 02.17p . Again, as for 
the classical Weil sigma model, the symmetry variations of classical Poisson-Weil 
sigma model are obtained from the BV variations of the full Poisson-Weil sigma 
model by retaining only the ghost fields of ghost number 1, 



SpwcA 1 


— 8wcA l , 


(4.23a) 


dpwcbi 


= S Wc bi - u, i a (x)y a , 


(4.23b) 


pwcB +1 


= 6 Wc B +i , 


(4.23c) 


SpwcC 1 


= 5wcC l , 


(4.23d) 


Spwcip 1 


= 5wd>\ 


(4.23e) 


SpwcX a 


= P ab (x)y b + Ul a (x)c\ 


(4.23f) 


fipWcVa 


= D A y a + d a P bc (x)r] b y c + d a Ui b (x)r] b c l - da^x)^ 1 


(4.23g) 


fipWcVa 


= \d a P bc {x)y b y c + d a u t b {x)y b c\ 


(4.23h) 



where the classical Weil sigma model 5y/ c variations are given by (I2.18p . One 
check that Sp\y c is invariant under the above field variations, 

SpwcSpwc = 0. (4.24) 

The classical field variation operator Spwc is nilpotent but only on-shell, 

5 PWc 2 = on-shell. (4.25) 
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5 The gauge fixing of the Poisson— Weil model 



In this section, we carry out the gauge fixing of the Poisson- Weil sigma model. 
Unlike the gauge fixing of the Weil sigma model, which is essentially unique, the 
gauge fixing of the Poisson-Weil sigma model can in principle be carried out in 
several generally inequivalent ways depending on the nature of the target space 
geometry. Exploring all the possibilities is out question. Below, we concentrate 
on a gauge fixing prescription that leads to an interesting topological field theory. 

We assume that the data defining the Poisson-Weil sigma model satisfy the 
following additional requirements. 

1. The manifold M is endowed with a Kaehler structure. 

2. The G-action on M preserves the Kaehler structure. 

3. The G-invariant 2-vector P is the one canonically associated with the 
Kaehler structure. 

By a Kaehler structure, we mean a pair (J, g) formed by an almost complex 
structure J and a Riemannian metric g, such that g is Hermitian with respect 
to J and J is parallel with respect to the Levi-Civita connection of g. The 
almost complex structure J is then automatically integrable and, thus, a complex 
structure. The Kaehler form u = gJ defines a symplectic structure and thus a 
Poisson structure P = uj^ 1 . Explicitly 

p- = 0, P r ' = -ig r ~ s andc. c. (5.1) 

The G-invariance of the Kaehler structure entails the G-invariance of P. 

As explained in sect. HI the consistency of the model requires the G-action 
to be Hamiltonian with moment map \i. Explicitly, 

u T i = ig rs d s fii and c. c. (5.2) 
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The invariance of the Kaehler structure under the G-action entails that the 
fundamental vector field u of the G-action is both holomorphic and Killing. This 
leads to the relations 

VfU S i = and c. c, (5.3a) 
W f u s i + gng Su 'VuU t i = and c. c. (5.3b) 

Combining (15. 2p . (I5.3al) . (15.3bl) . one finds that [i must satisfy the equation 

V r (9 s /ij = and c. c. (5.4) 

Proceeding in a way analogous to that of the Weil sigma model, the gauge 
fixing is implemented by adding the auxiliary fields of the Weil sigma model (cf. 
sect. |3]) to the field content of the Poisson-Weil sigma model and by adding 
the auxiliary field action SVaux (cf. sect. 13. 2D to the Poisson-Weil sigma model 
action Spw- 

SpWext = Spw + SVaux- (5.5) 

The gauge fixed action Ipw is obtained by restricting Sp^ext to a suitable La- 
grangian submanifold £pw in field space, 

Ipw — Spwex.t\z pw - (5.6) 

Ipw is invariant under a BRST symmetry spw, which is the residual BV sym- 
metry left intact by the gauge fixing. 

The gauge fixing requires, among other things, the choice of a metric of S. In 
this way, as is well-known, E acquires in canonical fashion a complex structure. 
The tangent bundle of E splits then in its holomorphic and antiholomorphic com- 
ponents TTj = T^'^E © T^'^E and similarly for the cotangent bundle. Hence- 
forth, we conveniently redefine our notation according to 0^'°^ — > C , </>( 0,1 ) — > <p c 
for a given 1-form field <f) G f2*(E). 
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We implement the gauge fixing, by using the gauge fixing conditions (13.91) 
previously employed in the Weil sector of the model and the further conditions 





= 


and c. 


c, 


(5.7a) 


+ r 
V c 


= 


and c. 


c, 


(5.7b) 




= 


and c. 


c. 


(5.7c) 


+ T 

V 


= 


and c. 


c, 


(5.7d) 



[29,44]. Using (I4.3p . it is easy to see that these define a Lagrangian submanifold 
£pw m field space. Note that, unlike the Weil sigma model, the condition (15.71) 
are not derived directly from a gauge fermion, but that does not matter as long 
as Zpw is Lagrangian as required. 
After a computation, we find 

I PW = I W + J ig r . s (x)D Ac x r D Ac x s (5.8) 

+ rfJiPvAcVr - d r Hi{x)ll) c l ) + T] + C r (-D V Ac2/r ~ <9 f /ii(x)^ c J ) 

+ V + c r V + c S { ~ iR ta rs(x)y t y a + ^^(x)^) 

+ bih lj fxj(x) * 1 — Bih lj (u r j(x)y r + u r 'j(x)y f ) * 1 , 



where Iw is the gauge fixed Weil sigma model action (cf. eq. (I3.10p ) and Da c , 
Dac are the holomorphic and antiholomorphic component of the gauge covariant 
derivative operator Da (cf. eqs. (1A.4I) . (IB. 31) . ( IB. 51) ) and we have defined 



D V A C y r = D Ac y r - T s tr {x)D Ac x t y s and c. c, 



(5.9) 



which is both gauge and general coordinate covariant (see appendix O)- In the 
above expression, wedge product of forms is understood again. Expression (15.81) 
is obtained upon eliminating the fields 



Vcr ~ F u tr(x)v + cyu ~ ig r s(x)D Ac x s and c. c. 
which decouple from all the other. 
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(5.10) 



The Poisson-Weil sigma model BRST variations of the fields are obtained 
from (IA.5I) . (13.31) . f)B.4j) upon restriction to £pw- They read 



s PW A l = s w A\ (5.11a) 

spwi> % = s w i>\ (5.11b) 

s PW bi = s w bi - u r i(x)y r - u r i(x)y f , (5.11c) 

s PW Bi = s w Bi - /ii(x) (5. lid) 

s PW c l = s w c\ (5. lie) 

spwC 1 = s w C\ (5.11f) 

sp W c l = s w c\ (5.1 lg) 

spwl 1 = s w -f\ (5.11h) 

s PW C i = s w C\ (5.11i) 

s PW r = s w T\ (5.11j) 

spwx r = —ig rs (x)ys + u r i(x)c l and ex., (5.11k) 

s PW y r = T s tr (x)( - ig tn {x)y u + vtiix^y, (5.111) 

+ V r u S i(x)y s c l + d r ^i{x)C l and c.c, 

spwV + c r = -r r ts (x)( - ig ta (x)yu + u l ^c 1 )^ c s (5.11m) 

+ D Ac x r + V s u r i{x)Tj + c s c % and c.c, 

where the Weil sigma model sw BRST variations are given by (13. lip . One can 
verify directly that Ipw is BRST invariant 

Spy/Ipw = 0. (5.12) 

Further, one has 

spw 2 = on shell. (5.13) 

Unlike the Weil sigma model, the Poisson-Weil BRST variation operator is nilpo- 
tent only on-shell. 
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It us easy to see that the field theory we have obtained by gauge fixing is 
topological. One defines a ghost number —1 gauge fermion ^ pw by 



/ \Wrs{x)r] + c r D Ac x s - \igf S {x)ri + J D Ac x s , (5.14) 
Jy. 1 J 



where is the gauge fermion of the Weil sigma model given by (13.81) . Using 
(15.111) . it can be verified that 

Ipw = Sp W to P + sp W ^p W on shell, (5.15) 

where the Poisson-Weil topological action SVtop is given by 

Spwtop = SVtop + J x* ' A u>, (5.16) 

with the Weil topological action SVtop given by (I3.15p . The globally defined 
2-form x* A ui is the gauge covariant pull-back of u 

x* A u = \uj ab (x)D A x a D A x b = x*uj + ddiiix)^) - Hi{x)F\ (5.17) 

The above expression is obtained by using, among other things, the remarkable 
gauge covariant Kaehler identity 

igr S (x)D Ac x r D Ac x s - ig rS (x)D Ac x r D Ac x s = x* A u. (5.18) 

This calculation shows the topological nature of the theory. All dependence on 
the metric of S and the background connection Aq is again buried inside the 
gauge fermion ^pw- The topological quantum field correlators, therefore, are 
going to be independent from these data. 

The topological field theory which we are dealing with has been studied by 
Baptista in a series of papers [18-20]. It describes the moduli space of solutions 
of the so called vortex equations [45-50] . Strictly speaking, the sigma model La- 
grangian obtained above differs from Baptista's. However, this may be simply a 
gauge fixing artifact. The fact that our sigma model and Baptista's have the same 
field content and localize on the same space of field configurations, as we show 
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momentarily, indicates that they are the same topological field theory. As well 
known, topological field theories have BRST exact Lagrangians and this makes 
them invariant as field theories under large classes of deformations. So, it is not 
surprising that the same topological field theory may have several Lagrangian 
realizations. What characterizes a topological field theory is its field content and 
the space of field configurations on which the field theory localizes. Indeed, the 
path integral of the field theory is just a complicated way of writing a functional 
Dirac delta with support on such configurations. Thus, one expects two such the- 
ories sharing the same set of fields and localizing on the same field configurations 
to be equivalent. However, a complete proof of this statement would require an 
in depth analysis of the BRST cohomologies of the two theories and a proof of 
their equivalence, a task which is beyond the scope of the present paper. 

Let us now show that the topological field theory we have obtained describes 
the moduli space of solutions of the vortex equations, as claimed in the previous 
paragraph. To begin with, we note that the geometrical data of the gauge fixed 
Poisson-Weil sigma model are precisely the same as those of the vortex equations: 
a principal G-bundle Q over a Riemann surface E and a Kaehler manifold M 
with a Hamiltonian effective action preserving the Kaehler structure. The field 
configurations, on which our topological field theory localizes, are the BRST 
invariant purely bosonic on-shell configurations. They are easily obtained from 
the expression (15. lip of the BRST variations obtained above. Setting all the 
fermionic fields to zero in (15.1 ip and imposing that the resulting expressions 
vanish on shell leads to the equations 



F l + h %3 n j {x)*l = 0, 



(5.19) 



D Ac x r = 0, 



(5.20) 



which are precisely the vortex equations. 



The vortex configurations are extrema of the energy functional 



£= f hh^F^Fi + \g ah {x)D A x a *D A x h + \h i ^ iN {x)*l , 



(5.21) 
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first written down in [45,50]. However, they are not generic extrema. They are 
instanton like energy minimizing configurations. Indeed, by means of Bogomolny 
type manipulations, one can show that £ can be written as 

£ = Ve ai + f \- 2ig r - s {x)D Ac x r D Ac x s (5.22) 

+ Ih^F' + h lk fi k (x) * 1) * (F* + WVtfc) * 1) 

where t]e m is given by 

Ve m = - [ \x*u + d(^(x)A*)l . (5.23) 



Js L J 
t]e m depends only on the homotopy class of x and is independent from A. It is 
thus a topological invariant characterizing the bundle Em- The remaining term 
in the right hand side of (15.221) is positive definite and vanishes precisely, when 
the vortex equations (I5.19p . (15.201) are satisfied. Thus, the energy £ is minimized 
by the vortex configurations and the minimum equals the topological invariant 
rjE u - In this sense, vortex configurations are akin to instantons. 

Our gauged topological sigma model can be viewed as a topological field the- 
oretic completion of a purely bosonic theory with action £. Indeed, the ghost 
number sector Ipw° of the action Ipw after algebraically eliminating the aux- 
iliary field b is given by 

Ipw° = -\ve m - \£- (5.24) 

The topological sigma model, which we have obtained, is in fact the gauged 
version of Witten's A-model originally worked out in [11,12]. In the case where 
the group G is trivial, the action Ipw reduces indeed to the well-known action of 
the A-model [44]. 

The A-model is known to be related to the quantum cohomology of the tar- 
get manifold M: its correlators compute the Gromov-Witten invariants. The 
importance of the vortex equation moduli space stems from the realization that 
it enters the definition of the Hamiltonian Gromov-Witten invariants [46]. 
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6 Outlook 



The constructions expounded in this paper are likely to be extendable in 
several directions. 

We have formulated the Weil sigma model for a principal G-bundle Q over 
E with G a Lie group. One possibility would be to generalize the model to the 
case where G is a Poisson-Lie group. One expects the Lie bialgebra structure of 
g to play a basic role in this case. The Weil sigma model described in the paper 
would be the special case where G has the trivial Poisson structure. 

As a further step, one may try to couple the generalized sigma Weil model so 
obtained to the Poisson sigma model with target space M carrying a Hamilto- 
nian Poisson action of the Poisson-Lie group G. This would yield a generalized 
Poisson- Weil sigma model and would be the gauging of the Poisson sigma model 
by the Poisson-Lie G-symmetry 0. 

The basic and equivariant Poisson-Lichnerowicz cohomology of M have been 
defined and studied by Ginzburg [42] also for this more general setting. Note 
that the moment map /i would be G v -valued rather than g v -valued in this case, 
where G v is dual Poisson-Lie dual group of G. The BV cohomology of the gen- 
eralized Poisson-Weil sigma model should again be related to this more general 
cohomology. 

The Poisson sigma model with a Poisson-Lie target space G has been studied 
in [51-53]. One may explore the relation of these models with the one resulting 
from the constructions just outlined. 

It remains to be seen whether the generalized models are going to yield in- 
teresting topological field theories upon gauge fixing. All this is left to future 
work. 



4 This possibility was suggested to us by F. Boncchi. 
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A The Weil model in components 

In this appendix, we collect the explicit expressions of the action and the BV 
symmetry transformations of the Weil sigma model in terms of the component 
fields. 

The expansion of the Weil sigma model superfields in components is given in 
(12.161) . The ghost numbers of the components are given by the following table: 



gh6 4 = 0, ghA + i = -l, ghc+^-2, 

ghc* = +l, ghA* = 0, ghb +i = -I, 

ghSi = -l, gh^ = -2, ghC+^-3, 

ghC* = +2, gh^ = +l, gh-B +i = 0. 

The Weil sigma model action S\y (cf. eq. (12.21) ) in components reads 
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/ - h {F/ + - f jk b +j c k ) + A + , t (D A d - tf) (A.2) 
+ B t (D A ^ - f jk c?B +k - f jk b +j C k ) - 4> + t (D A C l + f jk c?^ k ) 
+ c + i{C l - i/V'c*) + cW'c* 



where 



F/ = dA* + lf jk A j A k (A.3) 
is the curvature of the connection A and 

D A X i = dX l + f jk A j X k , (A.4a) 

z^y* = dy - f k 3l A j Y k (A.4b) 

are the gauge covariant derivatives of J 6 f2*(E, AdQ) and Y e fi*(E, Ad v Q), 
respectively. Above, the various fields are local forms on E obtained by the 
corresponding components of the basic superfields by the formal replacement 
§ a — > dz a . Wedge multiplication of forms is understood. 
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The Weil sigma model BV variations (cf. eq. (12.41) ) of the components are 
explicitly given by 



5wc l 


= C l - \f jk c?c\ 


(A.5a) 


b w A l 


= D A c\ 


(A.5b) 


5 w b +l 


= B +i + p A i _ f* jkC ?b +k , 


(A.5c) 


S w bi 


= f 1 y.c'b, + f k jiC j B k , 


(A.5d) 




= D A bi + f^A+k + f h J ,( ■■'<.■■,.. - f k ^B k , 


(A.5e) 


6 w c + i 


= D A A + t - J 1 „(>■ ' b, + / V'c + fc 


(A.5f) 




- fji^k ~ f ji B +j B k + f'-y.CH- 






= -f jk dC k , 


(A.5g) 




= -D A C l - /VV fe , 


(A.5h) 


5 w B +t 


= n A c' - r^r'ir 1 - - f jk b+ic k , 


(A.5i) 


5 w Bi 


= -h + f k ac?B k 


(A.5j) 


S w ip + i 


= —A + i + D A Bi + f k jiC? ^ k , 


(A.5k) 




= D A ip + i + f k jiC ?C + h - f k jib + 'B k - c + t , 


(A.51) 



as one can check by a simple computation. 
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B The Poisson— Weil model in components 

In this appendix, we collect the explicit expressions of the action and the 
BV symmetry transformations of the Poisson-Weil sigma model in terms of the 
component fields. 

The expansion of the Poisson-Weil sigma model superfields in terms of com- 
ponents is given in (12.16)) . (14.211) . The ghost numbers of the components are given 
by table flA.lj) and by the following one: 



ghx a = 0, ghr/ +a = -l, ghy +a = -2, 

(B.l) 

ghy a = +1, gh?7 a = 0, ghx + a = -l. 

The Poisson-Weil sigma model action Spw (cf. eq. (14.41) ) in components is 
given by 



Spw — Sw + 



J [v a D A x a + iP^ix)^ (B.2) 
+ v +a {D A y a + d a P bc (x)r) b y c + daUi'ix)^ - d alH {x)^) 
+ \v +a V +b {\d a d b P cd {x)y c y d + d a d b u l c (x)y c c i + d a d b ^{x)C l ) 

- u l a {x)y a b +l - fi t (x)B +i + x + a (P ab (x)y b + Ui a {x)d) 

- y +a {\d a P bc {x)y b y c + d a u l \x)y b c i + d a ^{x)C l ) 

where Sw is given by (1A.2I) and 

D A x a = dx a - Ui a (x)A\ (B.3a) 
D A y a = dy a + d a u l b (x)A t y b (B.3b) 

are the gauge covariant derivatives of x and y, respectively. Recall that the various 
fields are local forms on S obtained from the corresponding components of the 
superfields by the formal replacement § a —>■ dz a and that wedge multiplication 
of forms is understood throughout. The main properties of the gauge covariant 
derivatives are collected in appendix [Cl 
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The Poisson-Weil sigma model BV variations (cf. eq. (14. 7p ) of the component 
fields are given by 



5 PW d 


= 8 w c\ 


(B.4a) 


5pwA % 


= $wA\ 


(B.4b) 


S PW b +l 


= 5 w b + \ 


(B.4c) 


opwh 


= Swk - Ui a (x)y a , 


(B.4d) 


5p\yA + i 


= 5 w A + i - d a Ui b (x)rj +a y b - Ui a (x)rj a , 


(B.4e) 


Spwc + i 


= S w c + i - d a Ui b (x)r] +a r] b - Ui a (x)x + a 


(B.4f) 




- \d a d b uax)r] +a V +b yc + d a u b (x)y +a 


Vb, 


8pwC % 


= SwC\ 


(B.4g) 




= <W*, 


(B.4h) 


5 PW B +i 


= S w B + \ 


(B.4i) 


SpwBi 


= 5 w Bi - /ii(x), 


(B-4j) 


5pwi> + i 


= 5 w i) + i - d a fii(x)r] +a , 


(B.4k) 


SpwC + i 


= 5 w C + , t - Idad^x)^^ + d a (jn(x)y +a , 


(B.41) 


5 PW x a 


= P a \x)y b + Ui a (x)c\ 


(B.4m) 


SpwV +a 


= D A x a + d c P ab (x) V +c y b + <W(x)?/ + V + P ab (x) Vb , 


(B.4n) 


s PW y +a 


= -D A if a - d c P ab {x)^ b 


(B.4o) 




- \d c d d P ab {x)r) +c ^ d y h - Id^ufix^+V 






- P ab {x)x + b + d c P ab (x)y +c y b + d bUl a (x)y +b c l + u*\ 


[x)b + \ 




= \d a P bc {x)y b y c + d a u b {x)y b J + d af i t (x)C\ 


(B.4p) 


SpwVa 


= D A y a + ld a d d P bc (x) V +d y b y c + d a P bc (x) Vb y c 


(B.4q) 




+ d a d c u b (x)r] +c y b c l + d a u b {x)r] b d 






- daHiix)^ + d a d b pLi(x)r} +b C\ 




SpwX + a 


= D AVa + ±d a P 6c (x) Wc - d a d c u i b (x)7i +c y b A i 


(B.4r) 
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+ d a d c u b (x) V + %c l + d a d d P bc (x) V +d Vb y c 

+ d a P bc (x)x + b y c + d aUl b (x)x + b c l - \d a d d P bc (x)y +d y b y c 
- d a d c u b {x)y +c y b J - d a u b (x)y b b +l - d^^W 
+ ld a d b d cf i t (x) V +b V +c C l - d a d bf ii(x)y +b C l - d a ^{x)B + \ 

where the Weil sigma model 5w variations are given by flA.5[) and 

D AV +a = d V +a - d b u i a (x)A i r J +b , (B.5a) 
D A Va = dri a + d a u i b (x)A i T] b (B.5b) 

are the gauge covariant derivatives of r] + and 77, respectively []. 



5 Here, we are abusing our terminology. Strictly speaking, Daij, as defined above, is gauge 
covariant only when y vanishes. See again appendix [Cl 
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C G and general covariance 

The covariance of the fields of the sigma models studied in the main body 
of the paper is rather intricate. The embedding field is not simply a map x : 
E — > M, as in the ordinary ungauged sigma models, but a section of the bundle 
Em = Q x g M, whose definition combines in a non trivial manner the principal 
G-bundle Q on E and the manifold M with G-action. The other fields are 
sections of bundles which are (related to) pull-backs by x of bundles on Em- The 
construction of suitable gauge and general covariant derivatives of the fields is 
thus a subtle matter. For the sake of concreteness, it may be useful to write 
down the covariance of these fields and their covariant derivatives in terms of 
the cocycles representing the bundles, which they are sections of. This is done 
in the present appendix. More material on this topic can be found for instance 
in [18-20,50]. 

Let G be a connected Lie group. Let the manifold M carry a left G-action. 
The fundamental vector field u of the G-action is defined by the relation 

g *(m) =m a -Cu i a (m) +0(£ 2 ), (C.l) 

for g = exp(£) G G with £ G fl. u is G-equivariant, i. e. for g G G, 

d b g- la ogu l b o g ={Mgy, l u ] a . (C.2) 

Let Q be a principal G-bundle on the closed surface E. Let {<?ab(^)} be a 
G- valued 1-cocycle representing Q. Here, A, B, C ... are local trivialization 
indices. The 1-cocycle condition 

g A B(z)g B c(z) = gAc(z), (C.3) 

when defined, holds. 

Let Em be the fiber bundle on E represented by the non linear cocycle 
{9AB a (z, ins)} obtained from the G-valued 1-cocycle {gAB^z)} representing Q 
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via the G-action on M. A section x G T(E, Em) is given locally as a collection 
of maps {x A (z)} into M matching as 

x A a (z)=g AB a (z,x B (z)). (C.4) 

Let x G r(E,£ , jv/)- Let x*VeitTEM be the vector bundle on E represented 
by the 1-cocycle {C AB a b (z)}, where CaeAO) = d b g AB a (z,x B (z)). A section 
t> G r2° (E, x*Vert TEm) is given locally as a collection of TM-valued functions 
{v A a (z)} matching as 

v A a (z) = d b g AB a (z, x B {z))v B \z). (C.5) 

In similar fashion, let x*Vert*TEM be the vector bundle on E represented by 
the 1-cocycle {C* ABa b (z)}, where C* ABa b (z) = d a g BA b (z,x A (z)). A section 
s G f2°(E, x*Vert*T£'jvf) is given locally as a collection of T*M-valued functions 
{s Aa (z)} matching as 

s Aa (z) = d a g BA (z,x A (z))s Bb (z). (C.6) 

We want to construct gauge covariant derivatives for sections of the bundles 
Em, x*VertTEM, x*Vert*TEM- To this end, one needs a connection of Q. Re- 
call that a connection A of Q is given locally as a collection of g-valued 1-forms 
{A A (z)} matching as 

A A \z) = (kdg AB {z)y 3 A B >(z) + (g AB (z)dg AB (z)- l )\ (C.7) 

where here and below d denote the de Rham differential of E. 
The following relation 

dg AB a (z,m B ) = (g AB {z)dg AB (z)~ l ) l Ui a {g AB {z,m B )) (C.8) 

plays a basic role in the following analysis of covariance. 
For x G T(E, Em), define 

D A x a = dx a - Ui a (x)A\ (C.9) 
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Using (ED , (ICTg|) . one finds that 

(D A x) A a (z) = d b g AB a (z, x B (z))(D A x) B b (z). (CIO) 

This shows that D A x G fi 1 (S, x*Vert TEm)- In this sense, -D^x is the gauge 
co variant derivative of x. 

Let x G r(H,E M ). For v G x*Vert TEm), define 

D A v a = dv a - d b u l a {x)A i v h . (C.ll) 



Then, using (1C 71) . (1C.8p . one finds 

(£>A^ a (z) = d b g AB a {z,x B {z)){D A v) B \z) (C.12) 

+ 5 fe ^ AB a (z,a; B (z))(D J 4x) B fe (z)^ c (2;). 

Similarly, for s G x*Vert*T£ , M), define 

D A s a = ds a + d a u l \x)A i s b . (C. 13) 

Then, using (IC.7I) . (10. 8|) again, one obtains 

(D A s) Aa (z) = d a g BA \z,x A (z))(D A s) Bb (z) (C.14) 

+ d a d b g BA (z,x A (z))(D A x) A (z)s Bc (z). 

Note that D A v G" x*Vert TEm) because of the second term in the right hand 

side of (1C.12I) . However, notice that this term would be absent if M were a linear 
space and the G-action on M were linear, that is if Em were a vector bundle. 
For this reason, with an abuse of language, we call D A v the gauge covariant 
derivative of v. Similarly, D A s G" x*Vert*TEM) because of the second term 

in the right hand side of flC.14j) . Again, with an abuse of language, we call D A s 



the gauge covariant derivative of s. 

One can correct the lack of full covariance found above by using a G-invariant 
connection of M. Recall that a connection V of TM is said G-invariant, if, for 
any g G G 

T a bc = T d ef o gd d g~ la o gd b g e d c g f + d d g~ la o gd b d c g d . (C.15) 
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The Levi-Civita connection associated to a G-invariant Riemannian metric is 
G-invariant. 

For a section v G f2°(£, cc*Vert TEm), we define 

D VA v a = D A v a + T a bc {x)D A x b v c . (C. 16) 

Then, under a change of local trivialization 

(D VA v) A a (z) = d b g AB a (z,x B (z))(D VA v) B b (z). (C.17) 

Thus, D^ A v G fi 1 (E, x* Vert TEm) and Dy A v is a genuine covariant derivative. 
Similarly, for a section s G f2°(E, x*Vert*TEM), we define 

Dva5 = D A s a - V c ba {x)D A x b s c . (C.18) 

Then, under a change of local trivialization 

(D VA s) Aa (z) = d a g BA (z,x A (z))(D VA s) Bb (z). (C.19) 

Thus, D\r A s G x*Vert*T£ , M) and D^ A s is a genuine covariant derivative. 
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